The hadronic transport model art is extended to include the production and annihilation of deuterons via the reactions BB ↔ dM , where B and M stand for baryons and mesons, respectively, as well as their elastic scattering with mesons and baryons in the hadronic matter. This new hadronic transport model is then used to study the transverse momentum spectrum and elliptic flow of deuterons in relativistic heavy ion collisions, with the initial hadron distributions after hadronization of produced quark-gluon plasma taken from a blast wave model. The results are compared with those measured by the PHENIX and STAR Collaborations for Au+Au collisions at √ s NN = 200 GeV, and also with those obtained from the coalescence model based on freeze-out nucleons in the transport model. 25.75.Ld, 25.75.Dw 
I. INTRODUCTION
An important observable in heavy ion collisions at the Relativistic Heavy Ion Collider (RHIC) is the azimuthal anisotropy of the momentum distributions of produced particles in the plane perpendicular to the beam direction, particularly the so-called elliptic flow (v 2 ) that corresponds to the second Fourier coefficient in their azimuthal angle distribution [1, 2] . The measured elliptic flow is not only large but also shows a constituent quark number scaling, especially at intermediate transverse momenta, i.e., the dependence of the elliptic flows of identified hadrons on their transverse momenta becomes similar if both are divided by the number of constituent quarks in a hadron. This scaling behavior of hadron elliptic flows is well described by the quark coalescence model for hadron production from the quarkgluon plasma (QGP) formed in relativistic heavy-ion collisions [3, 4, 5, 6, 7, 8] . Also, the measured elliptic flows of identified hadrons follow a mass ordering at low transverse momenta, namely, the strength of the elliptic flow becomes smaller as the hadron mass increases. This has also been well described by the transport model [9] as well as by the ideal hydrodynamics [10, 11] .
Recently, the elliptic flow of deuterons has been measured in Au+Au collisions at energy √ s N N = 200 GeV [12, 13] . The data from the PHENIX Collaboration covers the intermediate transverse momentum (p T ) region [12] , while the STAR Collaboration has made measurements in a wider range of p T including the low p T region [13] . The two measurements agree well at intermediate p T region (p T > 1.5 GeV/c) except that the STAR data show a negative elliptic flow at low p T * Electronic address: yoh@kisti.re.kr † Electronic address: linz@ecu.edu ‡ Electronic address: ko@comp.tamu.edu (p T < 1 GeV/c). A negative elliptic flow has also been seen in the preliminary data from the PHENIX Collaboration for J/ψ's at p T ∼ 1.5 GeV/c [14, 15] . Negative values of deuteron elliptic flow cannot be explained by the coalescence model unless nucleons have negative elliptic flows [16] , while negative J/ψ flows may [17] or may not [18] require negative charm quark elliptic flows. Since measured nucleon elliptic flow does not show any negative value in small transverse momentum region [12, 19] , observed negative values of deuteron elliptic flow raise an interesting question on the mechanism for their production and interactions in relativistic heavy ion collisions.
In Ref. [16] , two of us have studied deuteron production at RHIC in a dynamical model which is based on the time-dependent perturbation theory. Using the elementary reactions of N N → dπ, N N N → dN , and N N π → dπ, we have computed the production rate of deuterons using the measured nucleon transverse momentum distribution that is parameterized by an effective temperature and a momentum-dependent elliptic flow. Although the energy is conserved in this approach, in contrast with the coalescence model, it needs the introduction of the reaction time and volume as parameters to fix the multiplicity of deuterons. The resulting deuteron p T spectrum and elliptic flow are found to be similar to those of the coalescence model based on the same nucleon momentum distribution. Compared to the experimental data [12, 13] , the calculated deuteron p T spectrum is, however, too soft. As discussed in Ref. [16] , this is due to the use of an effective temperature to model the effect of radial flow, resulting in the absence of correlations between nucleon positions and momenta. For the elliptic flow of deuterons, this approach describes reasonably the experimental data except at small p T , where it gives positive values while the data show negative values [13] .
To overcome the shortcomings of the model in Ref. [16] , we use in the present work a transport model to study deuteron production and elliptic flow in relativistic heavy ion collisions. We assume that the particles produced from hadronization of the created quark-gluon plasma are in thermal and chemical equilibrium and undergo collective motions, similar to those described by the blast wave model [20] , and they then interact with each other via hadronic rescattering. For the latter, we use a relativistic transport model (art) [21, 22, 23] code embedded in a multiphase transport model (ampt) [24] . We also carry out a coalescence model calculation using the freeze-out nucleons to form deuterons. This approach is different from the coalescence model used in Ref. [16] as it includes the position and momentum correlations of final nucleons through their collective motions introduced in the initial blast wave model and further generated by final hadronic rescattering. This paper is organized as follows. In the next section, we describe the blast wave model used for generating the hadrons produced at hadronization that are taken as the initial conditions in the transport model for describing hadronic rescattering. Section III gives the results for the transverse momentum distributions and elliptic flows of pions and protons after hadronic scattering. The results for the deuteron transverse momentum distribution and elliptic flow are presented and discussed in Sec. IV. These results are further compared in Section V with those from the dynamical coalescence model. We also compare in Section VI the deuteron emission time distributions from these two models and discuss in Section VII the nucleon number of scaling of deuteron elliptic flow. Section VIII contains a summary and discussions. The elementary production and annihilation processes for deuterons that are included in the transport model are described in the Appendix.
II. INITIAL DISTRIBUTIONS OF HADRONS
In relativistic heavy ion collisions, where a quark-gluon plasma is produced, hadrons are initially formed during hadronization of the QGP. To describe the distribution of these hadrons, we use the blast-wave model which assumes that they are in thermal and chemical equilibrium and undergo a collective expansion. As in the art model, we include in the present work mesons such as π, ρ, ω, η, K, K * , and φ and baryons such as N , ∆, Λ, and Σ as well as their anti-particles. We also include both deuterons and anti-deuterons in the initial distributions. The Lorentz-invariant thermal distribution f (x, p) of these particles at temperature T C is then given by
where the four-momentum p µ is
and the flow four-velocity u µ (x) is u µ = cosh ρ(cosh η, tanh ρ cos φ, tanh ρ sin φ, sinh η)
In the above, y is the energy-momentum rapidity, m T (= m 2 + p 2 T ) is the transverse mass with m being the mass of the considered particle, γ T = 1/ 1 − β 2 , and η (ρ) is the longitudinal (transverse) flow rapidity. We have followed the usual convention to define the z-axis along the beam direction and the x-axis in the reaction plane of the collision. The angles φ p and φ in the above are the azimuthal angles of the momentum and position vectors of a particle with respect to the x-axis. For the longitudinal flow, it is assumed to be boost invariant so that the longitudinal flow rapidity is equal to the energymomentum rapidity, i.e., η = y. We further assume that the distribution in the energy-momentum rapidity is uniform in the midrapidity.
Because of non-vanishing elliptic flow v 2 in non-central heavy ion collisions, which is defined as
with p x and p y being, respectively, the projections of the particle transverse momentum along the x and y axes in the transverse plane, the transverse flow velocity is anisotropic with respect to the azimuthal angle ϕ. We thus parameterize the transverse flow velocity as
wheren is the unit vector in the direction of their transverse flow velocity β, which is taken to be normal to the surface of the hadronic system to be defined below.
We have also introduced a p T -dependent coefficient ε to model the saturation of the resulting v 2 at large p T as observed in experiments. Specifically, we parameterize ε as
We further parameterize the radial flow velocity as
where R 0 is a parameter related to the transverse size of the initial hadron distribution in space and r is the distance of the particle from the origin of the coordinate system in the transverse plane.
For the spatial distribution of the particles produced at hadronization, it is assumed to be inside a cylinder with its axis along the longitudinal direction and having an elliptic shape in the transverse plane, as only minimum biased collisions are considered in the present study. These particles are further assumed to be uniformly distributed in the transverse plane. This means that the initial hadrons are uniformly distributed in the spatial region of
In terms of the spatial elliptic anisotropy [9] 
the spatial region as given by Eq. (8) can be rewritten as
leading to
For the coordinate system defined above, the initial shape of the hadronic system in non-central collisions then has s 2 ≤ 0. We further introduce a formation time τ 0 for hadrons produced from hadronization as in Ref. [24] . Because of boost invariance, the time and the position in z-direction of an initial hadron are given by t = τ 0 cosh y and z = τ 0 sinh y, where y stands for rapidity.
Since we do not consider the dynamics of partons in QGP before hadronization, the number of hadrons in the initial state cannot be determined a priori. We thus treat the initial number of positively charged pions N π + as a free parameter so that its number after hadronic rescattering is fitted to the measured pion multiplicity. The number of other hadrons after hadronization is then determined from the assumption that they are in thermal and relative chemical equilibrium with respect to pions.
For Au+Au collisions at center of mass energy √ s N N = 200 GeV, the parameters for the initial conditions are taken as follows. For the spatial distribution of initial hadrons, we use the parameters
similar to the quark distributions obtained in the ampt model at hadronization. For the transverse momentum distribution, we use the critical temperature T C = 175 MeV and
for the flow velocity parameterized in Eq. (5). The number of initial positively charged pions is taken to be N π + = 100. This then leads to a proton number of N p = 2.5 in the thermal model with zero charge and baryon chemical potentials. These pions and protons as well as other hadrons are then uniformly distributed in the rapidity region |y| < 2.0. The resulting initial transverse momentum spectra and elliptic flows of midrapidity (|y| ≤ 0.5) π + 's and protons, whose numbers are 71 and 6.4, respectively after including those from decays of meson and baryon resonances, are shown in Figs. 1 and 2 . These results will be compared in the next section with those of the freeze-out pions and protons after hadronic scattering. 
III. PION AND NUCLEON TRANSVERSE MOMENTUM SPECTRA AND ELLIPTIC FLOWS
We first discuss the transverse momentum spectra of pions and protons after hadronic evolution. The results in the midrapidity region |y| < 0.5 are shown in Fig. 1 by the dashed and solid lines for pions and protons, respectively, and they are comparable to the experimental data measured by the PHENIX Collaboration [26] . It is seen that the final pion and proton transverse momentum spectra are not very different from the initial ones shown by the dotted and dash-dotted lines, respectively. This can be understood from the fact that the effect of decreasing temperature of the hadronic matter due to expansion is compensated by an increase in the collective flow velocity. A similar conclusion was drawn in Ref. [27] , where the effect of hadronic rescattering was studied through the hadronic transport model jam [28] . We note that the number of pions and protons in midrapidity after hadronic rescattering are N (π + ) ≈ 74 and N (p) ≈ 5.4, respectively, including those from decays of baryon and meson resonances, and are only slightly different from their initial values.
In Fig. 2 , the elliptic flow v 2 of pions and protons are shown by solid lines as functions of transverse momentum. It is seen that our model describes reasonably the experimental data from the PHENIX Collaboration except for p T > 2 GeV/c, where it overestimates the measured pion elliptic flow. We have found that it is very difficult to find the parameters used for the elliptic flow in Eq. (5) that would describe both the pion and proton v 2 in all p T region. This may not be surprising as the pion and proton elliptic flow at high p T follow the quark number scaling and are thus unlikely to be de- scribed by the blast wave model. To overcome this may require the use of the blast wave model for the quark distributions and the quark coalescence model to generate the initial meson and baryon distributions. In contrast to the transverse momentum spectra, the final pion and proton elliptic flows are different from the initial ones shown by dashed lines. One sees that the pion elliptic flow is increased by scattering. For protons, their elliptic flow after scattering also increases at large p T but becomes smaller at low p T , reflecting an enhanced mass-ordering effect as a result of increasing radial flow.
IV. DEUTERON TRANSVERSE MOMENTUM SPECTRUM AND ELLIPTIC FLOW
In this section, we study the p T spectrum of deuterons and their elliptic flow. As for other hadrons, we have assumed that they are initially produced at hadronization and then undergo hadronic scattering through which they can be annihilated and also reproduced. To include these effects, we have modified the art code embedded in the ampt model as described in detail in the Appendix. The resulting deuteron p T spectrum is given in Fig. 3 by the solid line and is seen in relatively good agreement with the PHENIX data [29] . The calculated deuteron number of about 0.046 in the midrapidity is, however, somewhat larger than the measured one. Compared with the deuteron initial p T spectrum shown by the dashed line, the final one has a larger inverse slope reflecting the further development of the radial flow of deuterons by hadronic rescattering.
Shown in Fig. 4 by the solid line is the calculated final deuteron elliptic flow, which is seen to describe reasonably the experimental data. The negative values of deuteron elliptic flow at low p T (< 1 GeV/c) reported by the STAR Collaboration [13] are, however, not reproduced by the present model. We first note that the deuteron elliptic flow from the initial blast wave model shown by the dashed line does have small negative values at very low p T . This is due to following combined effects. Because of the larger flow velocity in the reaction plane than out of the reaction plane, deuterons of a given transverse momentum p T in the fire-cylinder frame have a smaller transverse momentum in the local frame if they move in the reaction plane than if they move out of the reaction plane. Since the number of deuterons with transverse momentum p ′ T in the local frame is proportional to p
While the resulting deuteron v 2 is positive in the latter case as there are more deuterons of transverse momentum p T moving in the reaction plane than moving out of the reaction plane, it is negative in the former case. This effect is, however, reduced during subsequent hadronic scattering as a result of increasing radial flow velocity and additional production of deuterons. Indeed, the final deuteron v 2 at low p T is close to zero. Similarly, the deuteron elliptic flow at larger p T is reduced after hadronic evolution as shown in Fig. 4 .
In Fig. 5 , we show the numbers of protons and deuterons in the midrapidity |y| ≤ 0.5 as functions of time. Both are seen to decrease gradually with time and this is partially due to scattering into larger rapidity regions.
V. THE DYNAMICAL COALESCENCE MODEL
It is of interest to compare the results from the transport model with those from the coalescence model. In the coalescence model, deuterons are produced by recombination of nucleons at freeze-out using the sudden approximation. The momentum distribution of produced deuterons in this model is given by [4, 30] 
with g = 3/4 from the consideration of the spins of nucleons and deuterons. In the above, d 6 N p /dx 3 1 dp 3 1 and d 6 N n /dx 3 2 dp 3 2 are, respectively, the spatial and momentum distributions of protons and neutrons in the firecylinder frame and
is the Wigner function of the deuteron in its rest frame. Assuming that the wave function of the deuteron is given by that of a harmonic oscillator, its Wigner function is then
where σ = 1/ √ µω with the reduced mass µ = m N /2 and
with x ′ i and p ′ i being the positions and momenta of the coalescing proton and neutron in the center of mass frame of produced deuteron. The oscillator frequency is determined by the charge root-mean-square radius of the deuteron, r 2 d = 1.96 fm [30] , which leads to ω = 8.06 × 10 −3 GeV. We note that the above deuteron Wigner function reproduces very well that obtained in Ref. [30] using a more realistic deuteron wave function.
The calculated results for the p T spectrum and elliptic flow of midrapidity (|y| ≤ 0.5) deuterons from the coalescence model are shown by dash-dotted lines in Fig. 3 and Fig. 4 , respectively. It is seen that except for small p T the deuteron p T spectrum in the coalescence model agrees almost perfectly with that in the transport model. The total deuteron number in this case is about 0.051 and is only slightly larger than that from the transport model. For the deuteron elliptic flow v 2 , although the two models give similar values in the small p T region, the one from the coalescence model is larger at higher p T and the deviation between the two becomes larger as p T increases. As a result, the coalescence model does not describe the experimental data as well as the transport model. However, neither model could give a negative v 2 for deuterons with p T < 1.0 GeV/c, contrary to that seen in the experimental data from the STAR Collaboration.
VI. DEUTERON EMISSION TIME DISTRIBUTION
We have examined the distribution of the deuteron emission times, which are the times for their last collisions in the transport model, and the results are shown in Fig. 6 . The freeze-out times of nucleons are defined in the same way and their distribution is also given in Fig. 6 for comparison. In the coalescence model, a deuteron is formed from a pair of freeze-out or emitted proton and neutron, so its emission time is given by the latest time of the two emitted nucleons. Results given in Fig. 6 show that the distribution of deuteron emission times in the transport model is rather similar to that of nucleons. In the coalescence model, although the deuteron emission time distribution peaks at t ∼ 10 fm/c, similar to that of nucleons, the two are otherwise quite different. In particular, there are more deuterons emitted at later times in the transport model than in the coalescence model. We note that the non-smooth deuteron early emission time distribution in the transport model is due to the incomplete destruction of initial deuterons, particularly those produced near the surface of the fire cylinder. Introducing a diffused hadron distribution in the initial state may help smooth the deuteron emission time distribution during earlier times. As in the case of the elliptic flows of identified hadrons, where a scaling according to the number of constituent quarks in a hadron has been observed [31] , it is of interest to see if there is a similar scaling of the proton and deuteron elliptic flows according to their nucleon numbers. This is shown in Fig. 7 for the elliptic flow per nucleon as a function of momentum per nucleon [panel (a)] or as a function of transverse kinetic energy
VII. NUCLEON NUMBER SCALING OF DEUTERON ELLIPTIC FLOW
It is seen that the nucleon number scaling of the proton and deuteron elliptic flows is not quite realized in the transport model, particularly at large p T . This scaling is, on the other hand, very well satisfied in the results from the coalescence model, although they do not describe the data as well as the transport model.
VIII. SUMMARY AND DISCUSSIONS
We have investigated deuteron production in heavy ion collisions based on a hadronic transport model. This is carried out by modifying the art code in the ampt model to include the production and annihilation of deuterons via the reactions BB ↔ dM involving baryons and mesons as well as their elastic interactions with these hadrons. For the initial hadron distributions after hadronization of the quark-gluon plasma, we use the thermal distribution based on a blast wave model.
The initial hadrons are uniformly distributed in an elliptic shape with a spatial elliptic anisotropy of −0.05. With the parameters such as the initial temperature as well as the transverse flow velocity and anisotropy fitted to reproduce the measured p T spectra and elliptic flows of protons, we have examined the production of deuterons in relativistic heavy ion collisions. The calculated deuteron p T spectrum is comparable to, although somewhat softer than, the experimental data measured by the PHENIX Collaboration. The deuteron elliptic flow from the transport model also agrees reasonably with that measured by the PHENIX Collaboration. However, the deuteron elliptic flow was found to be positive at small p T in contrary to the negative elliptic flow of deuterons observed by the STAR Collaboration.
We have also compared our transport model results with those of the coalescence model. While the two give very similar deuteron p T spectra, the elliptic flows obtained in the two model are quite different, particularly at high p T . In addition, the coalescence model is found to give almost exact nucleon number scaling of the elliptic flow, while the transport model causes a deviation of the elliptic flow from the exact nucleon number scaling, which is, however, closer to the measured data. These results, including the non-negative values of the elliptic flow at very small p T , are not much changed if the cross sections for deuteron production and scattering are changed by a factor of two.
Our study has raised two interesting questions on deuteron production in relativistic heavy ion collisions. One is the relation between the transport model and the coalescence model for deuteron production, and the other concerns the negative deuteron elliptic flow at low p T . Since the binding energy of deuteron is small (∼ 2.2 MeV), the coalescence model has been considered an appropriate approach to describe deuteron production in nuclear reactions [32] . This is indeed the case in our study for the deuteron transverse momentum spectrum as the two models give very similar results. However, the deuteron elliptic flows from these two models are quite different, with the transport model giving a better description of the experimental data in comparison with the coalescence model. Part of this difference may be due to the neglect of rescattering of deuterons produced in the coalescence model. Although deuterons are produced from freeze-out nucleons in the coalescence model, they may undergo additional scattering in the hadronic matte, leading to a later emission time as results from the transport model have shown. As to the negative deuteron elliptic flow observed in the preliminary experimental data, it is not seen in either the transport model or the coalescence model. The lack of negative deuteron elliptic flow in the coalescence model is expected as a negative deuteron elliptic flow requires a negative nucleon elliptic flow, which is not observed in the experimental data. In the transport model, a negative deuteron elliptic flow is possible if the final radial flow velocity is smaller than that reached in the present study, following the discussions in the end of Section IV. Whether this can still lead to a good description of the measured deuteron transverse momentum spectrum needs to be checked. Further investigations both in theory and experiment are thus required to understand the elliptic flow of deuterons at low p T and to shed more light on the mechanisms for the production of low p T hadrons in relativistic heavy ion collisions.
The art code [21, 22, 23] implemented in the ampt code includes the interactions of π, K, η, ρ, ω, φ, K * , N , ∆(1232), S 11 (1535), P 11 (1440) as well as their antiparticles. To extend the model to include deuteron production and annihilation, we modify the art code to incorporate following reactions,
where M = π, ρ, ω, η, and B and B ′ stand for baryons N , ∆, P 11 (1440), and S 11 (1535). For the cross sections of the reactions BB ′ → M d, we assume that their angular integrated mean squared matrix elements that are averaged over initial and summed over final spins and isospins are the same as that for the reaction N N → dπ at same center of mass energies. The cross sections for the inverse reactions M d → BB ′ are then determined from the detailed balance. Experimentally, the cross sections for both the reaction pp → dπ + [33, 34] 
where p N and p π are, respectively, the magnitude of the three-momenta of initial and final particles in the center of mass frame. The function f (s), which is proportional to the angular integrated mean squared matrix elements that are summed over initial and final spins for the reac- As for the deuteron production cross sections from baryon-baryon reactions, the cross sections for deuteron elastic scattering with baryons and mesons are obtained from those for deuteron elastic scattering with nucleons and pions, respectively, assuming that at same center of mass energies they have same angular integrated mean squared matrix elements that are averaged over initial and summed over final spins and isospins. For the empirical nucleon-deuteron elastic scattering cross section [38, 39, 40] , it can be parameterized by where the cross section is in mb and s in GeV 2 . The comparison with available experimental data are given in Fig. 9 .
The experimental data on the total cross sections for the πd elastic scattering are very scarce. Therefore, we have to rely on phenomenological calculations. In Refs. [41, 42] , based on a combined analysis of the reactions pp → pp, πd → πd, and πd → pp, the helicity amplitudes of these reactions are determined which then leads to the total elastic scattering cross sections for πd scattering. We use the results of Refs. [41, 42] , which can be parameterized as where s is in GeV 2 and the cross section is in mb. The comparisons with the results of Refs. [41, 42] and with the data are given in Fig. 10 .
